
5. The homotopy ring ofa simplicial commutative ring

15 3 =Mod its exterior alyeban * 5 is the gradedA

commutative A-algebra with 13 =yon/j.c...ajn =oif yi=in farsome it

Example 1 I
=A, then 1*A =ASx]/cx4, 1x1=1.

A

The constructive enjoys the following mineral property:15 Bxisa

groded come. A valyeta, and if:3 -o Box is an A-module map

such that ye =0, the 7: 1*4 -> Bx
A

j, r..- ejn (j)---yjnt-
**AX-Definition The de then algeben MER I
A

There 17 Ro is a simplicial communtative ring, then

#Col =HACCCMall is a graded commutative

wing in
which arch degree elements squre zu Or

Carollary The isomorphism ATMs HH, CA1 =H, E ExCBCA/Nil
extends to a p *x -> HHACATR).

Tensor products ofsimplicial modules

let Ma, No EsModp. Two obvious tenser products:
1) Form Ma BN with the QNo)q:=Mq Nq.
- associatach chain complex(x CM. Nol

2) Form the tensor product (x (Me) *Cr(Net ofchain complexes-

Recall (CaDa)n:= CiQDj, eed
itj=2

↓
d I

2Cx* Aln-
dCaxc+ ElcodCdl.



Theorem 2Eilenlog- Ziller, 1953)
There are mutually inverse chair homotopy equivalences

A

Ca (M.No Remem

Sh

Here AW is the Alexander - Whitney map

ANq:MqQNq - MiRN;
itj =q

mer 1- E t**(mixdeIn
Her etc (m)==dirdqelgm1.

Here Sh is the shuffle map

Shy: iqMiGs c Mq Nq

m*1 Is E sgegen w] Jug"-sr,(r)
e S,--- Sp,fa)

Ga,)
=Zijj)-shuffles

Recall A permutation of a dity=fit;is an Eijj)-shuffle it

RF: =3 0 (h) 2 oChall

Examples 22,21 22,3] 13.27
1 2 3 Y 1 2 3 4 S 12345

↓ X2 3 4 12345 1 2 3 4 s

[1,4,2,33 53,5, 1,2,43

Spe,gn V, um Vols.



Exercise

27 The diagram

MiqNj -qi; Mqaq
2-1ij

e.Mi -> =qsMi
E Nqq

C2) Show thatHi Cx(Moll H; [2x( .1) -> Hing [Cx(mq CsCr1]
me u t men

is a well-defined hanonaphism.

Grade
ring

structure on Halts):=HACCCRel

Willdefine Hi CRelHsChol My Hitj Chol J.t. xy= Eiyx,
x =0 for xin add degree.

M

Hi CR.) H;Ch. 1 > HissChil
2-1ism makiply'

~multiply
Hitj IC (n.)Q(ill

Sh
> HitjICCN. Noll

I ↓
Hirj IC. (n)? Chill

Sh
> Hits[C=(NGR.1)

To see that elements ofedd degree square to 0, let;he add and

Consider

ham:Ric Mi-RaicRui, Xx isgulSu:3r(x)p;-,(X)

· hem. (Xex) =e- imher,pe2xxx1.Ed
_mherpes (ex.

These cancel pairwise when we men the sam in Sh.


