
J. Hochschild homology
R -> Amap of commutativewings.

Definition The cyclic har construction BCA/R ESCAlgi has

A4(2+q) Sj BY(/) = =A*C) dis A*RE
in

A
Itq copies Gre ... a:ite--daq,Oi

Eac-cajelGatic-aq doa,e... eaqks -qara,..eaqu, i =
q.

Definition the chain complexIAIB (A/RI) is the Hochschild complex of A.

Its homology groups are the Hochschild homology groups
HHq(A/R1 = =Hq [CqC! (A/RII).

Example Suppose A=R. Then M*C91 =>R, ench

HHACR/RI =SR,
* =0

0, A>0.

Example Let us analyze CCB CA/RI) in low degrees:
.... -AAA-ARA -> A -0

de Da, i Goa, -4,90

=O
↳ Da, kan t aoa, Qan-Goa,an

tando a
From the first map, we read that
HHo(A/MI=A.We shall now give a description of
HH,CAX) = LA*RA)/w. For this, let is emphasize
that A*C1A1 is considered an A-module via multiplication
in the zeroth coordinate:a Lace... caq:

=acoe.... Eq.

So the relation on is A-linearly generated by [ar=1,e = a,an
=b],

10 ab =ech+ hea.



This isthe Leibnizrale!LIR - HHILA/), da t[ea].

Exercise Convince yourself ofthe above description ofHH, (A/R).

Example Let A=RTX). Then AR49) = M(x0, ..., xq]
mis ECDC/Il: =. . . .. . ((x)q(x)qR() -M(xqMx] -Nxs-o

This gets messy!

Proposition17A is flat over R, then

ADA = BFCAA) as simplicial commutative

AA R-atyebas.
In particular, HHiCA/RI= Tor***(A,Al.

Example Let us see how the proposition helps for A=M(x).

Then AGA =R(x]8RCx] =MCg,2]. To

computeTor9.7) (R(x), M(x3), we resolve RC3:

ocy-z)
-.. -

->M7y,z) +R(y,z] -0 =Px
↓ ↓ ↓ yiz-

3X

-. ->0 - 3 0 ->R(x) ->0

Px *R(x) =... -0 - R(y,z) 0 M[x]
-MCg,zD-0RSy,z] RCy,zS

=... - 0 -> R(x) > R(x) -> 0

=>Tor3) (RCx),R[x)) =HH,(RC)/1) = SRCD, if


